Principles of Automatic Control

CHAPTER 4

Stability Analysis of Linear
Systems
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4.1 The concept of stability

4.2 The necessary and sufficient

condition for systems stability

4.3 Stability criterion
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The concept of stability

-Definition

When a system is offset its equilibrium by
a disturbance, the system is stable if it can
return to the original equilibrium with
sufficient accuracy. Otherwise, it is unstable.

Note 1: For linear systems, stability means asymptotic
stability, but it is not true for nonlinear systems.

Note 2: Stability of linear systems depends only on
internal structure of the system, independent of
external action and initial condition.
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Sufficient and necessary condition ( %, 4 & &
##) for stability

)= C(s) _ bys" +bs"" +--+b s+b _ M(s)
R(s) as"+as"" +-+a,_s+a  D(s)
M(s)=bs" +bs"" +---+b . s+b
D(s)=a,s" +as"" +-+a_,s+a,
M(s)
D(s)

The system output 1s C(s) = - R(5)
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The initial condition of the system is zero.

When system input is unit impulse
functiond(t), the system output is k(t).

If limk(f)=0 ., then the system is stable.
{—»0

C(s)=

k() =c(t) = Ce™

!1? \Y

}Lrgk(!)zo — e"' decay with time

All poles should locate in the left side of s-plane
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Stability criterion in complex plane

A system is stable if and only if all roots of
the system characteristic equation have

negative real parts, or equivalently, all poles
of closed-loop transfer functions must locate

in the left half of s-plane.

Note: The above criterion holds when
the characteristic equation has multiple-order
roots.
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Routh stability criterion

+ The criterion tests whether any of the roots
of the characteristic equation lie in the right
half of the s-plane, without actually solving
for the roots.

+ Information about absolute stability can be
obtained directly from the coefficients of
the characteristic equation
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Procedures in Routh’s criterion

* The necessary condition: Consider that
the characteristic equation of a LTI
system is of the form
D(s)=as"+a_s"" ++as+a,=0 a >0

The necessary (but not sufficient)
conditions for stability of the system are
described as follows:

(1) All the coefficients of the equation have
the same sign. ( ¢, >0)

(2) None of the coefficients vanishes.
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Procedures in Routh’s criterion
* Routh’s Tabulation or Routh’s Array
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Routh criterion:

* The system is stable if and only if all
the elements of the first column of the
Routh's tabulation are of the same

sign.(& ¥ % — 7| 4 #0349 #4 £ &)

The number of changes of signs in the
elements of the first column equals the
number of roots with positive real parts
or in the right half of the s-plane. (i %
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*Examplel D(s)=s5"4+2s"+3s"+45+5=0

e Solution:

In the first column there are two changes of sign,
therefore the equation has two characteristic roots
in the right-half s plane. The system is unstable.
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Special cases of Routh’ array

* Case 1: The first element in any row of
Routh’s array is zero.

When the first element in a row is zero but
not all the other elements are zeros. To
remedy the situation, we replace the zero
element in the first column by an arbitrary
small positive number of g, and then proceed
with Routh’s array.
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Special cases of Routh’ array

* Case 1: The first element in any row of
Routh’s array is zero.
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Special cases of Routh’ array

* Case 2: All elements are zeros.

When the elements in one row of Routh’s
array are all zero, the situation can be
remedied by using the auxiliary equation,
which is formed from the coefficients of the
row just above the row of zeros in Routh’s
array. Replace the row of zeros with the
coefficients of the auxiliary equation.
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On-class exercises

Determine the stability of the following
systems:

(1)2s* +5" +3s° +55+10=0

(2)s*+5° +2s*+25+3=0



